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1 Introduction 



The principle of local gauge invariance, in the context of the (non-) Abelian 1-form gauge 
theories, has played a key role in providing a successful theoretical description of the 

strong, weak and electromagnetic interactions of nature. The existence of the first-class 
constraints, in the language of Dirac's prescription for the classification scheme [1,2], is at 
the heart of the above (non-) Abelian 1-form (A^^^ = dx^Ajj) gauge theories which provide 
the cornerstones for the beautiful edifice of the standard model of theoretical high energy 
physics. It is now a common folklore in theoretical physics that any arbitrary p-form 
(p — 1,2,3...) gauge theory should always be endowed with the first-class constraints. 
These constraints, in fact, generate precisely the local gauge symmetry transformations 
of any specific p-form gauge theory in any arbitrary D-dimension of spacetime [1,2]. 

In the recent past, the 4D free Abelian 2-form {B^'^^ = [{dx'^ Adx'^)/2\]Bfj_^) gauge field 
[3,4] has become quite popular mainly due to its appearance in the supergravity mul- 
tiplet [5] and excited states of the (super)string theories [6,7]. It has played, furthermore, 
a crucial role in providing a noncommutative structure in the context of string theory [8] . 
We have shown, moreover, in our earlier works [9-11], that this theory provides a tractable 
field theoretical model for the Hodge theory and a model for the quasi-topological field 
theory [12]. One of the most interesting observations, connected with the above theory, 
has come out from its discussion in the framework of superfield formulation proposed in 
[13,14]. This has led to the existence of a Curci- Ferrari (CF) type restriction^ [15] which 
happens to be the hallmark of a 4D non- Abelian 1-form gauge theory (see, e.g. [16]). 

It is well-known that, for the absolute anticommutativity and existence of the off-shell 
nilpotent Becchi-Rouet-Stora-Tyutin (BRST) and anti-BRST symmetry transformations, 
one invokes the CF restriction [16] in the case of the description of the 4D non-Abelian 

1- form gauge theory [17-20]. For the first time, however, it has been shown that the 
replication of this CF type restriction is required in the context of the 4D Abelian 2- 
form gauge theory [15] so that one could obtain (i) the absolute anticommutativity^ of 
the (anti-)BRST symmetry transformations, and (ii) an independent identity of the anti- 
BRST symmetry transformations (and corresponding anti-BRST charge) [21,22]. It has 
been possible to obtain a set of coupled Lagrangian densities that incorporates the above 
CF type restriction to demonstrate that the (anti-) BRST symmetry transformations (and 
their generators) have their own independent identity [21,22]. This CF type restriction 
has also been shown to have connection with the geometrical objects called gcrbcs [21]. 

The existence of the above CF type restriction has so far been shown in the framework 
of (i) the superfield formalism [15], and (n) the Lagrangian formulations [21-23,9]. Phys- 
ically, it has not been made clear as to why this type of restrictions should be imposed 

*The appearance of the CF type restriction in the context of the Abelian gauge theory is first of its 
kind. In fact, the superfield formulation of [13,14] has been applied, for the first time, to the Abelian 

2- form gauge theory in [15]. Its application in the context of 1-form gauge theories is quite well-known. 

^The nilpotent (anti-) BRST symmetry transformations have been shown to be anticommuting only 
up to a vector gauge transformation in the context of Abelian 2-form gauge theory (see, e.g., [10]). 
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in the dynamical description of the Abehan 2-form gauge theory within the framework 
of BRST formahsm. The purpose of our present endeavour is to answer the above query 
in the framework of the Hamiltonian formulation. We demonstrate that the above CF 
type restrictions are the secondary constraints which are derived by requiring the time- 
evolution invariance of the primary constraints of the theory. Furthermore, we show that 
the above CF type restrictions remain invariant with respect to the time-evolution of the 
Abelian 2-form gauge system (within the framework of the Hamiltonian formulation). 
This key result of our present investigation physically ensures the imposition of the CF 
type restrictions, for the absolute anticommutativity of the (anti-) BRST and (anti-) 
co-BRST symmetry transformations, at any arbitrary moment of the time-evolution. 

In our earlier works (see, e.g. [9,23]), we have derived the CF type restrictions from 
the coupled, equivalent and (anti-) BRST as well as (anti-) co-BRST invariant Lagrangian 
densities in two steps® by exploiting the Euler-Lagrange equations of motion. It would 
be economical as well as aesthetically beautiful to derive the same restrictions from a 
single Lagrangian density and corresponding Hamiltonian density. We accomplish this 
goal in our present paper where we derive the CF type restrictions in a single stroke 
and show their time-evolution invariance from a single Hamiltonian density. The latter 
property, in the context of the dynamical evolution of the Abelian 2-form system, has 
been established in a convincing manner. This analysis has been performed explicitly so 
that the anticommutativity of the (anti-) BRST and (anti-) co-BRST symmetries could 
be ensured at each moment of the time-evolution of our present 2-form gauge system. 

Our present investigation has been motivated by the following factors. First and fore- 
most, the time-evolution invariance of the CF type restrictions cannot be demonstrated 
within the framework of either superfield or Lagrangian formulation. Thus, it is essential 
for us to describe the Abelian 2-form gauge system within the framework of the Hamilto- 
nian approach. Second, for aesthetic reasons, it is always desirable to obtain the CF type 
restrictions from a single Lagrangian density (and corresponding Hamiltonian density). 
We have accomplished this goal in our present endeavour. Finally, our present attempt is 
a modest step in the direction to provide the physical reasons behind the appearance of 
the CF type restrictions in the context of the higher ]9-form (p > 2) gauge theories within 
the framework of BRST formalism. Thus, our present study might have relevance in the 
description of the higher-form fields (associated with string and other extended objects). 

The outline of our present paper is as follows. To set up the conventions and notations, 
we briefly mention in Sec. 2, the (anti-)BRST symmetries in the Lagrangian formulation. 
Our Sec. 3 is devoted to the discussion of the time-evolution invariance of the CF-type 
restriction that is invoked for the proof of anticommutativity of the off-shell nilpotent 
(anti-) BRST symmetries in the Hamiltonian formulation. For the paper to be self- 
contained, in Sec. 4, we provide a brief synopsis of the (anti-) co-BRST symmetries 
within the framework of Lagrangian formalism. Our Sec. 5 deals with the time-evolution 
invariance of the CF type restriction, in the framework of Hamiltonian formulation, that is 

^First of all the Euler-Lagrange equations of motion are derived from the coupled Lagrangian density. 
This is followed, then, by the subtraction and addition of the above equations of motion. 
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required in the proof of the absolute anticommutativity of the off-shell nilpotent (anti-)co- 
BRST symmetry transformations. Finally, in Sec. 6, we make some concluding remarks 
and point out a few new directions for future investigations. 

2 Preliminaries: Off-shell Nilpotent (Anti-) BRST 
Symmetries in Lagrangian Formulation 

We begin with the following Lagrangian densities for the 4D free abelian 2-form gauge 
theory ^ within the framework of the BRST formalism (see, e.g, [9]) 

£(1) ^ _L //M- H^,, + S'^ [d^B,, + ^a^^i) - \b^b, + d,m^(5 

+ (a^a - d,c^) d^c + {d-c-\) p + (d-c + p) \ (i) 

£(2) ^ l_H^^-H,,, + B^^(^d''B,,-^-d^^^-^-B^B, + d,~P^ 

+ (a^a - d,c^) d'^c + (d-c-x) p+[d-c + p) X, (2) 

where the totally antisymmetric curvature tensor H^^,^ = d^B^^ + d^B^^ + d^B^^ is 
derived from the 3-form H^^^ = dB^"^^ = [{dx^ A dx'^ A (ia;'*)/3!]i/^i,K constructed with the 
help of the exterior derivative d — dx^d^j, (with d"^ — 0) and the Abelian 2-form connection 
B^^^ — [{dx^Adx'^)/2\]Bf^i, which defines the antisymmetric {B^i, — —B^^) gauge potential 
B^i, of the present Abehan 2-form gauge theory. 

The BRST invariance in the theory requires the fermionic (C^C*,^ -|- CyCfj^ = 0, = 
0, (7^ = 0, etc.) Lorentz vector (anti-) ghost {C^) fields, fermionic (p^ = = 0, p\ + 
\p = ) auxiliary (anti-) ghost fields p and A and bosonic (/3^ 7^ 0, (3^ ^ 0, = 
PP) (anti-) ghost fields (/9)/3 . In the above, and B^ are the Nakanishi-Lautrup 
type of auxiliary fields that are invoked for the linearization of the gauge fixing terms 
[^{d^B^n + ^dfj^ifi)'^] and [^{d^B^^ — |(9^93i)^] where ipi is the massless {^(pi = 0) scalar 
field required for the stage-one rcducibility in the theory. The gauge-fixing term [d^B^^) 
owes its origin to the co-exterior derivative 5 = —*d* because 5B'^'^^ = (d'^ B^^)dx^ where 
* is the Hodge duality operator on the 4D spacetime manifold. 

The following off-shell nilpotent (si = 0) BRST transformations (s&) 

SbBf^u = —{d^Ci, — d^C^), SbC^ = —9^/3, si,C^, = —B^, 
Sb^pi = -2A, Sb(3 = -p, SbBf, = -d/^X, Sb[p, A, (3, B^, H^^^] = 0, (3) 

^Wc adopt here the conventions and notations such that the flat 4D Minkowski metric rj^u is with 
signature (+1, -1,-1, -1). The 4D totally antisymmetric Levi-Civita tensor is chosen to obey e^vrjK^^"^'^ = 
-4!, e^vriK^i^"^^ = -3!^|, etc., and £0123 = -|-1 = -e°^^^. The 3D Levi-Civita tensor is defined as: 

^oijk = ^ijk- Here the Greek indices /i, ;/, 77, k = 0, 1, 2, 3 correspond to the spacetime directions of the 

4D Minkowski spacetime manifold and Latin indices k.... = 1, 2, 3 stand for space directions only. 
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and the off-shell nilpotent (s^;, = 0) anti-BRST transformations {sab) 

SabBfxv — —{dfiCi, — diiCfj), SabCfx — —d/^P, SabC n — B^, 
Sab<Pl = -2p, SabP = -A, SabB^ = d^p, Sab[p, A, ^, S^, = 0, (4) 

are 

(i) the symmetry transformations for the Lagrangian densities (1) and (2) [9], and 

(ii) absolutely anticommuting {sbSab + SabSb = 0) in nature because their absolute 
anticommutativity property (e.g. {sb, Sab}B^i, = 0) is ensured due to the following Curci- 
Ferrari (CF) type of restriction 

B^-B^- d^ip, = 0. (5) 

The above condition emerges from (1) and (2) due to the equations of motion ~ 
d^By^ + \d^ipi, B^ = d^By^ — \d^ipi . The key points that ought to be noted, at this 
stage, are as follows. First, it can be seen that the CF type restriction (5) is derived in 
two steps from the Lagrangian densities (1) and (2). Second, unlike in the context of the 
4D non-Abelian 1-form gauge theory where the (anti-) ghosts fields also participate in the 
CF condition [16], for the Abelian 2- form gauge theory only the bosonic fields contribute 
to its existence. Finally, the time evolution invariance of the CF type condition (5) is 
not guaranteed in the Lagrangian description of the free 4D Abelian 2-form gauge theory. 
Thus, the logical reason behind the imposition of the CF type restriction (5), for the 
above anticommutativity property, is not clear within the framework of the Lagrangian 
formalism. This is why, in the next section, we resort to the Hamiltonian formalism. 



3 Time- Evolution Invariance of the Curci- Ferrari Type 
Condition: Hamiltonian Approach 

It can be noted that the ghost part of the Lagrangian densities (1) and (2) is same. The 
corresponding Hamiltonian density {Ti.(g)) can be expressed as 

- {diCj - djQ) diCj + (diQ) ui''^ + (dA) nf°) + 2nf°) nf°\ (6) 

where the canonical momenta, corresponding to the (anti-) ghost fields, are: 

n(co) ^ dci'''' _ , ^i^o) ^ dc^'^'' _ . 
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nS^^ ^ ^(^ = -m-a.Co). (7) 

It is worthwhile to mention that, in the operation of the derivative w.r.t the fermionic 
ghost fields, we have adopted the convention of the left derivative. 

The following Heisenberg equations of motion for the generic field 



* = ± i 



r ■ 

Jd'xH^,), * = — , (8) 



(where [(+)-] signs correspond to the (fermionic)bosonic nature of the generic field ^) 
lead to the dynamical equations of motion for momenta as well as basic fields. It can be 
checked that the Euler Lagrange equations of motion 

nCi^-dip, DQ^diX, A=i(9-C), p^-l{d-C), (9) 

for the (anti-)ghost fields, derived from the Lagrangian densities C'^^''^\ also emerge from 
equation _(8) when * = U^I^\U^^\U^''°\U^^°\uf\u\^\ On the other hand, for * = 
/3, /9, Co, Cq, Ci, Ci, we obtain the definition of the canonical momenta (7). In our Appendix 
A, these explicit computations are illustrated in a detailed fashion. 

The non-ghost parts of the Lagrangian density (1) and (2) lead to the following pair 
of the canonical Hamiltonian densities in terms of canonical momenta and fields: 

Tig = (n,,r + 2(n«r-l(nil)f-2n,, (9.5,o) + ^(^^^^ 

- {U^^^)diBij-2{U^^I)diBoi + ^HijkHijk, (10) 

Hjg = (n,,r + 2(ng)f -^(n(?f -2n,,(a,i?,o)-^(ni?)a,(^^ 

- {U^^))diBij-2iU^^})diBoi + ^HijkHijk, (11) 
where the canonical momenta are defined as follows 

~ d{d^B'^) ~ 2 

n« = -^ = B. n(^) = ^^ = 5. 

na) = = ^ n(^) = ^^ = -^ (12) 
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Exploiting the appropriate form of the Heisenbcrg equation (8) with the Hamiltonian 
densities (10) and (11) and using the following canonical brackets ^ (with h = c=l) 

[Si^(x, t), Ukiiy, t)] = -(5ik5ji - 5ii5jk)S^^\x - y), 
Eo,(x,t),nif)(y,t)] = -i5,^.5(3)(x-y), 

[^i(x,t),n£'2)(y,t)] = z5(^)(x-y), (13) 

it can be checked that the Hamiltonian densities (10) and (11) produce all the Euler 
Lagrange equations of motion derived from the Lagrangian densities (1) and (2). These 
derivations are clearly illustrated in our Appendix B. It will be noted that the CP condition 
(5) is still not derivable from a single Hamiltonian density (10) and/or (11). The CF 
condition (5) can be derived in one stroke, however. Towards, this goal in mind, we define 
the following Lagrangian density^ that is constructed from (1) and (2), namely; 



£(3) ^ 1 (£(1) + £(2)) = ^^M- H^^^ + ^ (5^ + B^) d'^B,, 

+ \{b'^-B^) d,^^^\{B.B + B.B)+C^,^, (14) 



where 

£(5) = di^pd^p + (d^C, - a^C-^) d^C + {d-C-X)p+{d-C + p)X, (15) 

is the ghost part of the Lagrangian densities (1) and/or (2). It can be checked that, even 
from the Lagrangian density (14), the CF type of restriction (5) can be derived only in 
two steps. To obtain the same condition (i.e. (5)) in a single stroke, one has to redefine 
the following pair of auxiliary fields: 

K^liB. + B,), h,^\{B,-B,). (16) 

As a result of the above re- definitions, it can be shown that the following equality 

B-B + B-B^2(b-b + b-b), (17) 
leads to a different looking form of (14), namely, 

£(3) ^ _L^M.. jj^^^ + Q.j^^^ + 1 5^ d^^,-^{b-b+b-b)+ . (18) 

From the very outset, it is clear that 

"f^-Sfm-O- '''' 



^AU the rest of the brackets are zero. 

^It will be noted that the other linearly independent combination ^[^C^^^ — C^^^ is not interesting 

because the kinetic term of the gauge field and the ghost part of the Lagrangian densities cancel out in 
this combination. Thus, this combination is not useful from the point of view of our present discussions. 
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are the primary constraints on the theory. The canonical Hamiltonian density, derived 
from the Lagrangian density (18), is 

^(5) = + 2 nj^ - ^ Ho,' - 2 n,,- djBoi - no,- - bo d^Boi 

11 1 

+ di(pi + - (bobo -bibij + — Hijk Hijk + n^g), (20) 

where the other canonical momenta, besides (19) for the Lagarngian density (18), are 

b 1 

n<^i — "2"' — bi, rijj — -Hoij. (21) 

It is trivial to note that the auxiliary fields bo and bi appear in the above Hamiltonian 
density but corresponding momenta are not present. The latter happen to be the primary 
constraints on the theory as is evident from (19). These can be added to the canonical 
Hamiltonian (20) in the following manner (see, e.g, [1, 2]) 

TiJ^^)^) = U^^"^ dobo-Uf^ doh + Ul + 2Ul^-^Uoi''-2U,^d,Bo,-Uojm, 

- bodiBoi + ^bidi(fi + ^ (bobo-bibi) + ^HijkHijk + H(g), (22) 

where H(g) is the usual ghost part of the Hamiltonian (cf. (6)) and no^"-* uf^ are the 
momenta corresponding to the co-ordinate fields 60 and bi (cf. (19)). It will be noted that 
one can also add Uq^ dobo — uf^ doh in the Hamiltonian density (22) but these do not 
play any significant role as: flg^^ = 0, tlf^ = 0, bo — bo^ hi — hi. 
With the help of the canonical brackets (13) and the following 

[6o(x,t),nf°)(y,t)] = ^<5(3)(x-y), 

[6,(x,t),nf(y,t)] = -z5,,5(3)(x-y), (23) 

we obtain the equations of motion as given below 

b^ = \df,ipi, 9-6 = 0, 0(^1 = 0, 
bfj, — d^Bi^ij,, d -b — O, Uij = ^Hoij, 

df.H'""' + {d'^b'' - d^b") = 0. (24) 

It is worth emphasizing that b^ = ^d^^pi (which leads to B^ — B^ — d^ipi = ) and 
bfj^ = d^By^ (i.e B^ + B^^ = 2d'^B^^ ) are obtained from the Hamiltonian density "H^^^y^ by 



exploiting the Heisenberg equation of motion Hg^"'' = 0, tif^ = 0, (/3i = —i Lpi,H^^^^^ 



r(3) 



and Boi = —i Boi,H^f^'^^ where H^^^'^^ = J d?x 'Hq^ iy This establishes the fact that 

h^i = =^ B^- B^, - d^ifi = 0, 

b^ = d^B,^ ^ B^ + B^-2d''B,^ = Q, (25) 
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are the secondary constraints on the theory. 

The time-evohition invariance of the above constraints (i.e. 6^ = = d^B^^j^ 



can be seen to be true as: 



0, [2hi-di^,,Hf^^ 



0, 



26o - 5o<^i, ^(5% 



= 0. 



(26) 



This estabhshes the time-evolution invariance of the CF type conditions which are invoked 
in the proof of the anticommutativity of the nilpotent (anti-) BRST symmetries. 



4 (Anti-) Dual BRST Symmetries in Lagrangian For- 
mulation: A Brief Sketch 

The kinetic term {^H^'^'^ H^j,^) of the Lagrangian densities (1) and (2) can be hnearized 
by introducing the Nakanishi-Lautrup type of auxihary fields and and a massless 
(□(/72 = 0) field </72 as given below (see, e.g. [9]): 

£(4) ^ 1 _ ile,,,,d''B^^ + ^d,ip2^ + 5^ (d'-B,^ + ia^^i 

- ^S^S^ + (27) 

£(5) ^ lB'^B^-B^(^^6,,,,d''B^--^d,ip2^+B^^^d^B,^-^d,ip^ 

- ^B^B. + C^,), (28) 

where i2(g) is same as the ghost part of the Lagrangian densities (1) and ( 2) and ip2, B^ 
and B^ satisfy the following equations of motion 

□(^2 = 0, B^^ \e,..r,nd''B^'' + ^a^(^2, B^ = \e^,r,nd''B'^'' - ^d^ip2, (29) 
which lead to a set of CF type restrictions 

B^ + B, = e,,,^d''B'^^, B,^B, = d^V2. (30) 

It is clear that the derivation of (30), from (27) and (28), is a two step process. 

It has been demonstrated in our earlier works (see, e.g. [9]) that the Lagrangian 
densities (27) and (28) are endowed with (anti-) BRST symmetry transformation as well 
as absolutely anticommuting {sdSad + SadSd=^) (anti-)co-BRST symmetry transformations 
(s(a)(i). The latter symmetry transformations are [9, 10] 

SdB^u = —£ ^uTjKd'' C'^ ^ SdCfj, = —dfj,j3, SdCfj^ = —B^, 
Sd992 = 2p, SdP = -X, Sd p,X,(3,(puBi^,B^,d''B^i^ =0, (31) 
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SadV2 = 2A, Sadl^ = "P, Sad [p, A, (^i, = 0, (32) 

where 

(i) the off-shell nilpotent (anti-)co-BRST symmetry transformations {s(^a)d) leave 
the gauge fixing terms {d^B^,^ ± \d^^pi ) invariant, 

(ii) the co-BRST symmetry transformations (s^) absolutely anticommute with the 
anti-co-BRST symmetry transformations {sad) (i-e s^Sad + SadSa — 0), and 

(iii) the absolute anticommutativity property is ensured if and only if the condition 

B^-B^- di^ip2 = (cf. (30) is imposed (i.e {sd, Sad}B^^ = 0). 
The time-evolution invariance of the above condition cannot be proven within the frame- 
work of the Lagrangian description. Thus, in the next section, we discuss the time- 
evolution invariance of B^ — B^ — di^(p2 = in the framework of Hamiltonian formalism. 



5 Anticommutativity of the (Anti-) Dual BRST sym- 
metries: Hamiltonian Formalism 

It is clear from our previous section that, for the absolute anticommutativity of the co- 
BRST and anti-co-BRST symmetry transformations, one has to invoke a CF type re- 
striction (i.e B^ — B^ — d^Lp2 = 0). For this condition, to persist with respect to the 
time-evolution of our gauge system, it is essential requirement that it should remain time 
invariant quantity. To this goal in mind, it can be seen that the following canonical 
Hamiltonian densities emerge from the Lagrangian densities (27) and (28): 

= (u<ff f + 2 (n(^))^ - 2 (ui^^r - \ (ng))^ + 2 ng) d,B,, + \ (4?) d,^, 

-(<.)) diBi^ + 2 (ng)) (9,S,o) + (ng)e,,-fe diB^k + \ e^^fe ^fi 9,^2 + ^(,), (33) 

^(5) ^ (ng))^ + 2 (ng))^ - 2 (ng)^ - \ (n£))^ + 2 ng) d,B,, + \ (4?) d,^, 
-(ng)) diB,^ - 2 (nj)) (9,s,o) - (n(f])Q,fe d^B^^ + \ ei^k 9,(^2 + n^g), (34) 

where the canonical momenta are defined as: 

_Bo 
2 ' 

2 ' 
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n(4) = _d£^^B, n(^)^^^ 



- d{doBo^) ~ '''' '''' - d{doBo^) ~ '''' 



(4) _ _d£S^_ 1 ^ ^(5)_ djr('^ 1 ^ 



It will be noted that the superscripts ("(4) and (5)" ) on the Hamiltonian densities and 
momenta correspond to such superscripts on the Lagrangian densities (27) and (28). The 
equations of motion, derived from the Heisenberg's equation of motion (with = 
/ d^x H^^'^^), are found to be exactly same as the following juxtaposed Euler-Lagrange 
equation of motion derived from the Lagrangian densities (27) and (28), namely 

B^ = d'^B,^ + l^^ip^, B^ = d'^B,^ - Id^ip,, 

= \e^,^,d^B^- + ia^(^2, B^ = le^^r^^d'^B^- - \d^ip^, 

d^B, - d,B^ - e^^^^d^B- = 0, d^B, - d,B^ - e^^^^d^B- = 0, 

d^B, - d,B^ - e^^r^^dW = 0, d^B, - d,B^ - e^^r^^d^B^ = 0, (36) 

where the left set of equations are from (27) and that of the right are from (28). Exactly 
the above set of equations can be derived from the Hamiltonian densities (33) and (34) 
which are explicitly given in our Appendix C. 

It is worthwhile to mention that the CP type restrictions {B^ ~^ti~ d^j,ip2 = 0, B^-\- 
Bf_i — s fj^uTiKd'^ B^'^ = 0) invoked for the proof of the absohite anticommutativity of the (anti- 
) dual-BRST symmetry transformations, are derived in two steps and they cannot emerge 
from a single Lagrangian and/or Hamiltonian densities. We achieve this goal below and 
show that a single Lagrangian density (and the corresponding Hamiltonian density) can 
produce the CP type restrictions in one step. 

Besides the re-definitions in (16), we re-define the following auxiliary fields 

h,^^iB, + B,), h,^\{B,-B,l (37) 
to express the following Lagrangian density (cf. (27) and (28)) as: 

£(6) ^ 1 (^£(4)+^(5)) = ]^^h.h^h.h)-lh^e,^,,d^B^^ 

- ^^M^M<^2 + 6'^(a'^i?.^) + ^6'^a^(^i-^(6-6 + 6-6)+£(,), (38) 
where we have used 

{B-B + B-B)^2{h-h + h-h). (39) 
The following Euler-Lagrange equations of motion emerge from (38): 

a- 6 = 0, d-h = 0, □¥'1 = 0, □v?2 = 0, a- 6 = 0, d-h = 0, 

St^un^d'^h^ + {d^'b" - d'^W) = 0, (40) 
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besides the ghost field equations that are derived from Cf^g). The canonical momenta, 
from (38), are: 



n, 



bo 
2' 



n, 



^2 



n, 



Oi 



h, n, 



V 



2 ^ijk hf~. 



(41) 



" 2 ' 

It is evident that H^f) = 0, = 0,Uf^ = 0, = 0, because hi,,h^,h^,h^ are the 
auxiliary fields of the theory. 

At this juncture, it can be seen that — |9^<^2, and = \e ^^r^^d^ B'^'^ lead to the 
CF type of restrictions: Bfj, — B^ — dfj,ip2 = and B^ + B^ — e ^j^u-qt^d^ B'^'^ = in a single step 
and they are derived from a single Lagrangian density (i.e £*^^)) that is obtained from the 
linear combination of C'^'^^ and It will be noted that the other linear combination 

_ £(5)j ^Qgg j^Q^ \ca.d to an interesting Lagrangian density because the ghost parts 
of the Lagrangian densities cancel out with each other in this combination. 

The canonical Hamiltonian density, emerging from the Lagrangian density C^^\ IS 



7^(6) = nj-2nj^-^fn, 



Oi) 



+ 2 n 



+ ^ (&0&0 - bihi) - ^ (/lo/io - KK) + ^bi diipi 



— -^hi di(p2 — bo diBoi — Hoj diBij + 2 11^^ djBok — ^ ^ijk diBjk + 'H(g). (42) 

It will be noted that, corresponding to the auxiliary fields bo, ho,bi,hi, there are no mo- 
menta in the above expression because these are the primary constraints on the theory 
(i.e nf°^ ^ 0, nf^ 0, O, nf ^ ~ O, ). it is straightforward to check that the time 

evolution invariance of these constraints (with H^^'^ ^ f d^xH^^^): 



n 



—I 



n(f'o)^^(6) 



n 



n 



—I 



—I 



n, 



{ho) 



^(6) 



= 



: 

= 



bo = d'B, 



bi = i^dm, 



ho 

hi -- 



2 ^ijkdiBjk, 



(43) 



leads to the CF type restrictions + -Bq — 29'Sjo = 0, B^ — B^ — di^pi = 0, Bq + Bq + 
eijkdiBjk — 0, Bi + Bi — di(fi2 — which are like the secondary constraints on the theory. 

2d''B,^ = 



The full set of CF type restrictions (i.e B^ — B^ — d^ipi = 0, + 



0, B^- 



■B.-d.ip2 = 0, B. + B, 



[H^^^) if we invoke the time- evolution of the following basic fields: 



0) can be obtained from the Hamiltonian 



Boi 

BiA 



—I 



—I 



—I 



—I 



Bo,,H^'^] 



ho 
bi- 



2 

di'B 
1 



do^2, 



hi — —-^ijkdoBjk — tijkdjBkOi 



(44) 
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in addition to the expression obtained in (43). Thus, we note that it is the combination of 
(44) and (43) that yields all the components of the CF type restriction that are invoked in 
the proof of the absolute anticommuatativity of the nilpotent symmetry transformations. 

In its full glory, the total Hamiltonian density is the sum of the canonical Hamiltonian 
density (42) and the primary constraints on the theory as given below. 



-1/(6) 



(ho); 



Uf^dobi-Urdohi + H 



(6) 



(45) 



Time-evolution invariance of the CF type restrictions { — — 9^(/72 = 0, + — 
e^v^^^d^B^'^ = 0) can be now checked to be true with the total Hamiltonian density 7i^\ 
Infact, using the canonical brackets, it is quite straightforward to check that 



Bo-Bo-doip2,nP] =0, 



Bi-Bi-diip2,nP]^0, 



Bo + Bq — eijkdiBjk, Tirp 



(6) 



0, 



Bi + B, + eijkidoBjk + 2djBko),nP = 0. (46) 



The above relations show that the CF type restrictions remain the same during the full 
time-evolution of the 2-form Abelian gauge system. As a consequence, it is proper to 
impose these conditions for the proof of the absolute anticommutativity of the dual- 
BRST and anti-dual BRST symmetries during the full dynamical evolution of our present 
free Abelian 2-form gauge theory in physical four dimensions of spacetime. 



6 Conclusions 

In our present investigation, we have concentrated on the dynamical aspects of the 4D 
free Abelian 2-form gauge theory in the framework of the Hamiltonian formulation. This 
field theoretic model happens to be the off-shell nilpotent (anti-) BRST as well as (anti-) 
co-BRST invariant model of a 4D gauge theory. We have derived the dynamical equations 
of the theory with the help of the Heisenberg equations of motion where the Hamiltonian 
(of the (anti-) BRST as well as (anti-)co-BRST invariant system) plays a central role. 

Our earlier works [9-11,21-23], devoted to the discussion of the Abehan 2-form gauge 
theory, have been carried out in the Lagrangian formulation where the CF type restric- 
tions have been derived as the Eulcr-Lagrange equations of motion from the coupled 
Lagrangian densities. These CF type restrictions are required for the proof of an absolute 
anticommutativity between the off-shell nilpotent 

(i) BRST and anti-BRST symmetry transformations, and 

(ii) co-BRST and anti-co-BRST smmetry transformations. 

However, the Lagrangian formulation does not shed any light on the time-evolution in- 
variance of the above CF type restrictions. 

We have chosen, in our present endeavour, the Hamiltonian formalism so that we can 
clearly demonstrate that the CF type restrictions remain invariant w.r.t time-evolution 
of the Abelian 2-form gauge system. This result provides a logical reason behind the 
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imposition of the CF type restrictions which are valid at any moment of time for the full 
time-evolution of our physical 2-form Abelian gauge system in 4D spacetime. 

The key difference between our present endeavour and our earlier attempts [9, 10] is 
the fact that CF type restrictions, that are at the heart of the absolute anticommutativity 
of the (anti-) BRST and (anti-) co-BRST symmetry transformations, are derived from 
a single Lagrangian density (and corresponding Hamiltonian density) in a single step. 
This should be contrasted with our earlier Lagrangian formulation where a set of coupled 
Lagrangian densities led to the derivations of the CF type restrictions in two steps as the 
Euler- Lagrange equations of motion and their subtraction/ addition. 

The absolute anticommutativity of the nilpotent (anti-) BRST and (anti-) co-BRST 
symmetry transformations is an essential requirement because it ensures the linear in- 
dependence of the (i) BRST versus anti-BRST and (ii) co-BRST versus anti-co-BRST 
symmetries. Furthermore, it confirms physically the independent roles of the anti-BRST 
symmetries and anti-co-BRST symmetries in the context of the 4D Abelian 2-form gauge 
theory. It will be recalled that the anti-BRST and anti-co-BRST symmetries do not play 
any independent role vis-a-vis the BRST and co-BRST symmetries in the context of the 
4D Abelian l-form^*' ga^igc theory (sec, e.g. [24]). These points are consistent with the 
results of our work on supcrfield formulation of the Abelian 2-form gauge theory [15]. 

One of us has studied the gauge theories in BRST superspace [25-29] , which is slightly 
different from the usual approach of the superspace formulation (see, e.g. [15]). The main 
features of this BRST superspace are (i) the whole action, including the source terms for 
the composite operators, is accommodated in a single compact superspace action, (ii) the- 
ory has generalized gauge invariance and WT identities which are realised in a simple way, 
and (iii) operation like super-rotation and super-translation, in anticommuting variable, 
can be carried out in a completely unrestricted manner. Such superspace formulation is 
very useful in studying the renormalization problem in gauge theories. It would be nice 
endeavour to apply this approach to study the 2-form [25] and higher-form gauge theories. 

To generahze our present work and earlier works [9-11,21-23] to 4D non- Abelian 2-ioT:m 
and higher p-form (p> 2) gauge theories is one of the challenging future endeavour. We 
expect that even the higher-form (p> 2) Abelian gauge theories would lead to some very 
interesting observations in the framework of BRST formalism. A thorough constraint 
analysis of our current theory^ ^ and higher-form gauge theories is also on our future 
agenda. Discussion of the above theories in the framework of superfield formulations 
[15,25-29] is yet another direction for future investigation. Currently these problems are 
under investigation and our results would be reported in our future publications [30]. 

^°In the case of 4D Abelian 1-form gauge theory, the operator form of the first-class constraints anni- 
hilate the physical states of the theory due to the physicality criteria {Q{a)b\ph'ys >= 0) with the (anti-) 
BRST charges Q(a)b- In other words, the BRST and anti-BRST charges lead to the same conditions 
through Q[a)b\phys >= 0. Thus, the anti-BRST charge does not play an independent role here. 

^^Only a few comments have been made by us on the constraints of our present theory. However, an 
elaborate discussion on the classification of these constraints and their specific roles, in the context of our 
present theory, would be taken up in our future endeavour [30] . 
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Appendix A 

We explicitly demonstrate that the Hamiltonian = / (Px 'H(g), corresponding to 
the ghost part (cf. (15)) of the Lagarangian densities (1) and (2), yields all the 
equations of motion (cf. (9)) for the (anti-) ghost fields. For this purpose, we have to 
exploit the following canonical (anti-) commutators (with h — c = 1): 



;/?(x,t),n('^)(y,t); = 

[;3(x,t),n(^)(y,t); = 

{Co{^,t),ul^^'\y,t)} = 

{a(x,t),nf (y,t)} = 



i5(^)(x-y), 

^5(3)(x-y), 

^5(3)(x-y), 

i5(^)(x-y), 

-i<5,/(^)(x-y), 

-z%5(3)(x-y). 



(47) 



and all the other (anti-) commutators are zero. 

Using (47) , it can be checked that the time-evolution of the canonical momenta 



n(^) 

n(/3) 

n(co) 
n(co) 



—i 
+i 
+i 
+i 
+i 



(9) 



a(3 = o, 

□/3 = 0, 
□Co = -dop, 
□Co = doX, 

□a = diX, 



(48) 



lead to the Euler-Lagrange equation of motion derived from the Lagrangian densities (1) 
and/or (2) for the basic (fermionic) bosonic (anti-) ghost fields of the theory. 

On the other hand, it is interesting that the time-evolution of the (anti-) ghost fields 
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(9) 



/3 = n(^), 



15 



Co 

do 

Ci 



—I 

+i 

+i 
+i 
+i 



Co, 
Co, 



n 



(co) 



• C) = A, 



nP = (9oQ-9,Co), 



n 



-(aoC,-a,Co), 



(49) 



leads to the definition of tlie canonical momenta corresponding to the bosonic and fermionic 
(anti-) ghost fields. This establishes the consistency and equivalence between the La- 
grangian and Hamiltonian descriptions of the Abelian 2-form gauge theory. 



Appendix B 

Dynamics of the non-ghost part of the Lagrangian densities (1) and (2) remain unaffected 
due to their description in the framework of Lagrangian and Hamiltonian formalism. To 
estabhsh this fact, it can be checked that the Hamiltonian — J d^x 'H^(l), produces 
the following Hesisenberg dynamical equations of motion for the basic fields: 

1 



^1 

Bni 



— I 



(1) 
(;>) 



-fc>0j,-«(6) 
^13 > (6) 



Bo 



Bi 



doifi + diBoi 
1 



2 

d^'B, 



n 



1-3 



^Hoij, 



(50) 



where we have exploited the canonical brackets (13). 

On the other hand, the time evolution of the canonical momenta, namely; 

^ d-B = 0, 



fid) 



n(i) 



H 



—I 



—I 



.^Vi '-"(b) 

n(i) H-(i) 
H H^^^ 



dkH^^' + d^B' - d'B^ 
d^H^"'^ + {d'B^ - &B' 



0, 



0, 



(51) 



produces the dynamical equations of motion. It will be noted that the top two equations of 
( 50) and bottom two equations of (51) can be combined together as: B^ = d^Bi^^+^d^ipi, 
d^H^'^'^ + d'^B'^ — d'^B'^ = 0. These finally lead to the simple equations of motion: Oipi — 
(due to d- B = 0) and OB^^ = as well as OB^ = 0. 

Similarly, the Hamiltonian Hj^j = J cPx leads to the following equations of motion 
(that are different from H.'^^ ), namely; 



—I 



H. 



Bo = diBio — -do^i, 



16 



Boi — 


—i 


-D0i,-H(6) 




n(2) _ 


—i 


■tt(1) H-(2) 
'-'-Oi ; (fe) 


dkH^^' + - d'B^ = 0, 


n.i = 


—i 




^ ^^H^''^ + - a-^s^) = 0, 


ri(2) = 


—i 


n(2) H-(2) 


^ d-B = Q. 



(52) 

Ultimately, the above equation imply that = 0, n-B^i/ = 0, and Di?^ = 0. These 
equations primarily emerge from — d'^B^^ — |5^<^i and d^H^'^'^ + d'^B'^ — d'^B^ — 0. 

Appendix C 

The Euler-Lagrange equations of motion (36) can be re-derived from the Hamiltonians 
^(4,5) _ J -^(4,5) illustrated below 



-Bo = -jdo^fi — diBio, 

^0 — 2^o<^2 — -^^ijkdiBjk, 

d-B^O, 

d-B = 0, 

Bi = doBoi - dkBki + -diipi, 

1 1 

= T;^ijk{djBQk — dkBoj — doBjk) + -diip2, 



01 = 


—i 






—i 






—i 


n(4),//(4)- 




—i 




-Boi = 


—i 




-Bij = 


—i 




fl^^) = 


~i 




n(4) _ 


—i 




le Hamiltonians if^^^ — 


01 = 


—i 




02 = 


—i 




ri(5) = 


—i 


n(5),i7(5)- 


V2 


—i 


n(f),i/(5) 


-Boi = 


—i 


Bo.,H('\ 


-Bjj = 


—i 


B^j,H('^] 


ri(^) = 

'J 


—i 


ng),ij(5)- 


n(5) _ 


—i 





doBi - diBo - eijkdjBk = 0, 
doBi — diBo + EijkdjBk — 0, 



-Bo = diBiQ — -do(pi, 

Bo = — -9ov?2 — -^ijkdiBjk, 



d-B = 0, 
d-B^O, 



1 



Bi = doBoi — dkBki — -diifi, 

1 1 
— 2^ijk{djBok — dkBoj — doBjk) — -diip2, 

dgBi — diBo — EijkdjBk — 0, 

c^o-Bj — diBo + EijkdjBk = 0. 



(53) 



(54) 
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It is elementary to check that finally we obtain the following simple equations of motion 

nB^, = 0, nB^^o, nB^^o, 
acpi = 0, □(^^2 = 0, DB^^O, OB^^O, 
d-B ^ 0, d-B^O, d-B^O, d-B^O, (55) 

from the above Hamiltonians H^'^'^\ 
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